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TOB  COKFIGITRATIONAL  PARTITION 

Functions  op  solid  solutions 
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Chans  Tsvmg-sul»  appearing  inj^u- 
li  Msueh-pao  (Journal  of  Physics), 
Vol.  T'J,  No,  1,  19h0>  pages  42-p3V 


Abstract 

This  5hoi*t  pspsr  applies  e  method  for  studying  the 
oonf IguiaUoMl-  pa?t?tlo/f®ctlon  of 
developed  hj  Wang,  Hsu  and  the  author  to  » 

cases.  In  such  concrete  calculations  It 
method  is  applicable  to  almost  every  type  of 

In  fact,  its  applicability  0^*" the  existence 

lattice  which  stosas  of  the  soj.ution  irJaawi,.!,  Ox  . 
of  the  long  distance  order,  of  the  existence  of 
between  atoms  more  distant  than  nearest  t«^i-hod 

tSe  mMber  of  oomponeuta  In  the 

Is  actually  an  expansion  of  the  lattice 

in  terms  of  certain  coordination  numbers 

tha  Ssults  of  the  calculations  after  ignoring  the  higher 
coordination  numbers  become  fi  or  In 

the  Boltzmann  factors  and  thus  o^alLd 

firwx-l  wpwdless  to  say,  expansion  of  the  results  ooxaineu 

here  lu  (kT)",  gives  results  Identical  with  those  ohtelne 
hy  duasl-ohemlcal  «  ^?r?h°”c^'' 

above  method.  We  point  out  that  1^,’'®  “S!°,  ®*L‘'u^uL 
ordination  numbers  except  the  p^J^deLlv  “of  tS  number  of 

I  deri«d!)  to  ?nciudlS  higher  oSordlnatlon 

iS:\rfrk«^ 

cSbic  system,  the  qua sl^chemlcal  formula  after  inuludina  W 
next  higher  coordination  number  becoraes 


& 

X «“  2X^8+  ^’'^'  (  (  IJjl  ) 

X|ia»Xi2+8X"(  )+:^A'  (^j^j)- 


jX'sny 


( ^  )T 

[a''’(  d„F 

\  AB  /J 

L  ^  BB  /J 

(  AA  y  (  BB  )  (  BB  ) 


(Xi^  'f  A’’^jg)  =*  X  , 

(X^s+A'bbV- -18X0B. 

la  the  above,  denote  the  ambers  of  A,  B 

cenmci  X’j  X’s  "•  X".-“  Sf©  numbers  determined  by  !«;/, 

(3)>  h)>  aad  their  substitution  into  the  Jj^bthan^  s  ^es 

aeaJ.eit®ne!ghbSa«.  It  ».a,  be  “f 

?f  n  SLToL??a“ut"rhIt'^?LteS“i/SJSrtSali| ‘Se-- 

iUarf  ??  ?aSs1f  nearest  neighbours  ve  «7  consraer 

analogy  (to  the  usual  quasl-ohemloaX  fb™ula)  ney  quasi 
Silin  equations  for  the  different  n»bere  of  .rlnle.a. 
(Prom  this,  a  combinatory  formula  C  L,epn 

is  Shown  that  such  a  theory  differs  from  (l)  -  (4)  given 

jijia  abort  paper  constats  of  two  parts. 

S^^irtiral  If”I  ^d 

?ferLie'ortSi"reaS?is  Obtained  to  tt^ 
ones  obtained  by  the  methoa  Oi  Kirki-ood. (cr,:5, 
discuss  the  following  cases? 
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(l)  AB-type  crystal  lattice?  binary  solid  solution 
(2;  Pace-centered  crystal  lettlcsi  binary  solid 
solution 

(3)  AB-type  crystal  lattice  binary  solid  solution 
¥ith  interaction  between  next  nearest  neighbors. 
Bssentislly*  this  method  takes  advantage  of  the 
property  that  the  logarithm  of  the  configurational  parti¬ 
tion  function,  P,  Is  a  linear  combination  of  certain  co¬ 
ordination  numbers  of  the  crystal  lattice.  After  ignoring 
the  higher  coordination  numbers  of  the  lattice,  we  obtain 
P  as  a  closed  expression,  no  longer  requiring  a  series 
expansion  in  (KTj-i  or  (KT),  Therefore,  ve  expect  the  resul 
thus  obtained  to  be  correct  for  any  temperature.^  And  we  can 
compare  the  result  to  that  by  the  Kirkwood  method,  by  simply 
expanding  the  result  Into  series  in  (KT)-!.  The  results 
should  be  the  same,  and  in  fact,  they  are. 

In  the  second  part,  we  use  the  method  of  reference  1 
to  discuss  the  quaai-chemleal  approxtsistioa.  First  we  point 
out  that  if  the  lowest  coordlnstion  number  is  retained,  the 
conventional  quasi-chemical  approx laatiori  formulas  are 
correct  no  matter  how  many  kinds  of  atoms  there  are  In  the 
solid  solution.  Second,  we  point  out  how  to  improve  the  con 
ventlonal  quasi-chemloal  formula  by  keepli^  higher  ooordln- 
e t S  on  number s . 


PART  I  ^ 


(1)  AB“type  lattice  binary  solid  solution. 

Pop  a  binary  solid  solution  with  the  AB-type  lattice, 
we  assum©  that  the  total  number  of  atoms  is  K,  the  number  of 
A  atoms  is  IS,  and  iriteraction  exists  only  for  atoms  forming 
nearest  neighbor  pairs.  According  to  reference  1,  we  can 
prove  that  the  logarithm  of  the  configurational  partition 
function,  P,  Is  .  /  \  v  ,  ^  vr,  , 


+  dKf  K"  V'v  V' vO/sC^’’ ,  f) + - . 
In  which  Vi®  neighbor  matrix,  defined  as 


(i) 


if  c,  c*  are  nearest  neighbors 
otherwise. 


s.,nd  the  eoefficlents  of  fi,  fg  etc.,  are  the  matrix  ■ 

elements  of  tiie  irreducible  pr6ducts  of  the  X  *3  summed  over? 
the  Indices,  end  are  called  coordination  numbers.  The 
fuiictlons  tj,  fg,  ....  are  certain  functions  of  N,  B,  and  T 
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■feecause  these  ooordlnatlott  nuaibers  are  apparently  dlrectiyi 
OTOMrtloml  to  H,  therefore  f  does  not  contain  H.  Refer- 

that  in  order*  to  deteriatne  fl>  ^2>  ““Si. 
^?c'/wetKfSns‘?llr  onl?  the  P  of  a  hypothetical  solid 

scCmtion  vlth  the  same  values  hwoniAti- 

So¥  are  going  to  consider  the 
cal  lattices  the  total  number  of  points  it  of 
lattice  are  divided  into  Hl/2  groups,  each  S3?»^P 
pbiSrenf  foming  a  nearek-nelghhor  pair  with  no  nearest 

neighbor  between  groups. 


Then 


in  which 


(7  Y„.,  assumed  to  be  zero).  Is  a  function  ox  H,  0  ,  and  T, 


determined  hj 


3F/3X-0 


From  (3)  we  obtain 

I  1"^  -t.X<i/--  t^s 

r — if 

Substituting  into  (2),  ^ 

F~IF«  Uvg0-  (1~0)  log  (1-^)  +  ilog  (-J  + 

Sine©  for  this  hypothetical  lattice 


:gx„-x«-Xc-,'X."v-««.- 


we  have 


/.(^.  T)  -  leg  {\ -i-  V »  +  i 
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Ixpanding  vith  respect  to  Y*  ve  have 
+  4  W-2£»)v’+ 

'8 

To  see  the  symmetry  h&tve&nB  end  (l-^),  rewrite  the  above 
expression  as 

Icgf !*-‘23  ij*  + 


To  determine  £o,  ve  consider  the  following  hypothetical 
lattices  the  total  points  K  of  the  assumed  lattie©  are 
divided  Into  1/-1  groups,  each  group' consistitig  of  four 
points  sitting  on  the  four  vertices  of  e  cubic  lattice, 
each  side  of  the  cubic  lattice  representing  one  nearest^ 
neighbor  pair;  end,  as  In  the  former  esse,  no  nearest- 
neighbor  pair  exists  between  groups. 


Under  this  condition. 


N  k.g  ( 1  +  4  X  -{-  4  X*  ^  +  2  X*  + 1 X*  f  +  X«  I* )  -  iV  ^  X . 


Where xsetisfi 


3l>'  3X»>0,  (1^) 

exactly  as  in  the  former  case.  Equation  (10)  is  of  the 
fourth  order  in  A ,  sad  we  can  solve  this  equation  analyti¬ 
cally  for  X  and  then  substitute  it  into  expression  {9), 
Wbqu’Y  assumes  its  rolnimuffi  value,  the  solution  of  Equation 
(10)  is 

I-  «  -lri_  4-  2(1  ~  l, !  -  2  y  )»j*  -I- 

k  & 

Substituting  into  expression  (9)# 


+ OKI  -  0)»(“  1-2  e-i-  2 -t 


(12) 


Since  for  this  hypothetical  lattice 

therefore, 

-  0  log  0-  (1  -  0)  iog(l  -  0} + 2  /i  ' ,)  -1-  2  /al  0,  ) » 


(Ui) 


Ooffiparing  vith  (12) >  and  making  use  of  the  knovn  f,  i?ee 
expression  (717/  arrive  at 


(14) 


Substituting  fi  and  fp  into  expression  (1);^  ve  obtain  ^ 
for  all  the  other  f  s  neglected.  If  ve  expand  tb-s  ^'esalt 
as  a  series  in  (-Vaa/^^)*!/  it  appears  exactly  the  sa^e  as 
the  result  by  Kirkwood's  method.  (3)  An  making  the  compari 
aon>  we  neglected  0  (kT)-6j^ 

(2)  Pace-centered  lattice  binary  solid  solution 

J. 

Here 


(15) 


f  -  (SX„-)/ib  (2X„-  X«"  X,.,-)/»b 

->r(SX«'X«'>X*-V>V'vO/st—* 

Therefor^e^  we  should  try  to  eva3.uat6  f3* 

Consider  the  following  hypothetical  lattice  structure) 

Si”  Sn'the'vlrtlhs  of“ 

of  the 

s‘-*nts  one  nearest-neighbor  paXi ,  ena  x.  i 
miong  atoms  of  different  groups. 

Then  the  logarithm  of  the  configurational  partition  function, 
P,  should  be 


iog(i+3x+3x*^+x*^*)~iir0iogx, 


(16) 


in  which  X  is  determined  by 


3ir/3X«0 


WlienY  eseujaes  small  values,  it  Is  easy  to  find 

+  0(1-  0fi  /i)rf  + . , 

N  ■' F -  - ^  1. .g 6^-  ( t  ~ §)  I«« (_l~0)  +  (P '»i 4- ~ '26)ri^  + 

-h  (17) 

Since  fon  this  lattice  system  we  assumed 
SX„.-2A'.  SKvW'X.V-2A%  SUXK-O, 


therefore 

Comparing  with  expression  (I?)#  making  use  of  the  known 
f •,  ,  ve  arrl%»e  at 

X  ' 

Substituting  f'i,  fg,  and  f-s  into  (15),  we  would  obtain 
iBB'ned lately  the  expression  of  P  with  all  the  other  f’s 
negleoted.  If  we  expand  this  result  into  a  series  In 
(kT)“l,  we  see  that  it  is  identical  with  that  obtained  by 
the  Kirkwood  method*  /In  making  the  comparison,  0  (kT)-5 
has  been  neglected/'* 

(3)  AB-type  crystal  lattice  solid  solution  with  long-distance 

In  this  case,  we  will  deBC3)ibe  only  the  method  of  calcula¬ 
tion.  The  result  apparently  should  be  similar  to  that 

Denote” the  number  of  A  atoms  In  the  first  sublsttlce  by  1/2 
K$8.n&  the  nurfDer  of  A  atoms  in  the  second  sublattice  oy  1/2 
;vn''.  The  points  In  the  first  sublattice  are  represented  Dy 
s'l  end  the  points  In  the  second  by  b.  Then,  corresponding 
to  the  values  e  Btxd  ff  ,  the  logarithm  of  the  configurational 
partition  function  should  be 


loa: 


jN  \  fl-N  \ 


jN0 
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that  since  here  f,  is  defined  slightly  differently 
froa  that  In  expression  (1),  we  adopt  the  notation  . 
To  determine  fj*,  ve  will  consider  again  the  hypothetical 
lattice  system  of  expression  (1).  The  logarithm  of  its 
coiif Igurational  partition  function^  F,  is 

yi^iog(l+X-fX'+XX’0~~-A’'^iogX -i-.V«nogX',  (2!) 

^  where  X  and  X' are  functions  of<?,(^and  T,  determined  hy 

n 


3F/3X«.3F  aX'-O 

Prom  (22),  we  have 

i>=.X(i+x'^),  (tex+x’+xx’f), 

^=»X'(l+XO  (l+X+X'+XX'^). 

Prom  (23)^  we  have 

X»S(H-X')  (i~^(i+x'f), 

Substitxitlng  into  (24),  we  get 

^(1  -  ^’)X'* + X‘[i- ^  £^’ ~  »  0. 


(22) 


(23) 

(24) 

(25) 

(26) 


Simllerly,  solving  the  equation  which  satisfied. 


^(l  - g )X» + Xtl - 4- ~ -  0 . 


and  substituting  the  values  of x  and X' into  expression  (21 
and  then  making  use  of  the  property  of  the  hypothetical 


lattice, 


iS  XXX  »  ^  XXXX  =si  •  •  •  sa  y  j 


} 


we  could  determine  f^*  (&,0'T).  Because  the  calculation  is 
very  tedious  end  adds  nothing  new  in  the  way  of  results, 
we  omit  it. 


(4)  Binary  solid  solution  of  AB~type  lattice  with  next- 
nearest  neighbor  interactions 


Apparently,  here 


^  )  +  (S  X«0  A((^.  ?’)  4- ( X + 

+  (S  x,,>  X,,..  2')  +  ••  • ,  ( 27 ) 
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vhere  represents  the  **next  nearest  neighbor”  matrix# 
defined  as 

>  vhen  c*,  c"  are  next-nearest  neighbors 
«.0  f  othervise, 

and are  functions  to  be  determined.  A  in  the  above  ex¬ 
pression  is  the  f,  ve  used  before.  . , 

In  order  t^  determine /w  and ,  we  will  consider  the  i 
following  hypothetical  lattice  systems  the  lattice  is 
into  K/3  groups#  each  group  consisting  of  three  sitt-. 

ing  on^the  vertices  of  a  isoceles  right  triangle. 
short  sides  represent  nearest-neighbor  pairs,  and  the  diago¬ 
nal  represents  the  next-nearest-neighbor  pair.  Then 


1  jV  log  (1  4-3X-{-X*  I’ +2X*  I +X*  I*  X 

Q 


Where  e"  denotes  exp  (-V/kT)  constructed  from  the 

pair  £4  (assuming  no  interaction  between  AB#  and  BBj  anolls 

still  determined  by  aF/3X=o  , It  can  be  easily  calculated  that 


1- 20+ 2  0')] -f-i-ij*!?' @*(1- . 
¥©  know  that  for  this  hypothetical  lattice 

2Xrt'X*,»/^,v'"-|-^»  2-”-0s 


end  also  that  expression  (?)  ,  and  /-  Is  expression  (?) 

in  which, is  replaced  byj‘'6i:is  s^eplaced  byt’  V  *  Substitutin 
all  of  them  into  (27)  and  then  comparing  it  with  (30} #  we 
ar2?ive  at  the  :e*esuit 


1^(1“  w^’+- •- 


All  the  above  calculations  have  shown  the  appllcsabillty  of  th 
method  of  reference  1  to  any  kind  of  solid  solution.  It  is 
much  more  dependable,  because  it  does  not  involve  series^^  - 
expansion  in  (kT)-l  or  (kl).  Moreover,  from  ^he  procedure: 
shown  above  w©  can  see  that  this  method  is  much  slBit^ler  in 
calculation. 


PART  II 


QUASI -CHEMICAl.  FORMIILAS 


A  very  powerful  my  to  treat  quasi-chemlcal  foiic-ulag 
la  by  th®  method  of  reference  1.  ¥e  will  consider  two 

cases s  .  ,  , 

(l)  The  quasl-chemiosl  formula  of  a  multiple -compon¬ 
ent  solid  solution,  neglecting  ell  hut  one  coordination 
number . 

.  Denote  the  number  of  atoms  of  each  component  group 
by  .  HereX^j=l,  Denote  the  total  number  of  per¬ 

mutations  by  M  when  ve  permute  them  on  H  points.  Then  the 
logarithm  of  the  conf‘igurational  partition  function  is 
equal  to  ■ 

By  ignoring  the  unwritten  terms  in  the  above  expression,  we 
will  get  the  conventional  quasi-chemical  formula. 

In  order  to  determine  fy,  we  will  discuss  again  the  hypothe 
tics.1  lattice  system  (IJ  of  Part  I.  Its  P  is 

Lviog(2)qVI«)  <-8^) 

4.^e^p(-F«/Pr). 

where  the  X  ere  determined  by  SF/ax^^O  **1,2^—  i.e., 

they  are  determiried  by 

Now, 


Therefore,-  we  hs.ve 

1  logX,-lc.g.t/;  ’  (U6) 


Substituting  Into  (33) #  we  get 

where  theX-sare  functions  of  O  and  T,  determined  by  express;!* 
ion  (35).  The  number  of  pairs  of  nearest  neighbors,  Xi,,  |- 
made  up  of  atoms  of  the  i-th  kind  end  the  j-th  kind,  is 
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X  *  ^  ^ 


0 


> 


Similarly,  the  n-affiber*  of  pairs  of  nearest  neighbors  of 
i-th  kind  of  atom  Is 

Therefore, • 


.Vi;“  ^ 

Therefore,- 

A'y  Xh  Xy,  «  4  «■"  , 


(8t) 


(40) 


This  Is  vhfit  ve  want  to  prove.,  By  &  similar  procedure,  ve 
can  obtain  the  quasi-cheElcal ^formulas  when  the  left  side 
of  ( 40)  Is  AyXyi;  or  Aj/Xt,  , 

Ffom  axpr"6:sslon  (40)^  it  is  vBrjf  6Bsy  t-o  'csloulata 
tb.a  tot-8.1  nuitibar  oS*  p6FBiut8.tions  ot)tHixi6d  hy  pamiUtliig  t.h6 
atc.0is  on  the  lattice-^  which  produces  all  the  atoiri  paix^s  of 
all  kinds,  Xij.  Xi2^  ^  First,  it  can  be  derived 

fX’O-m  (40)  that 

t  »>i 


where Is  e  function  to  be  determined.  'When 


(42) 


the  right  side  of  expression  (4l)  -should  be  equal  to 

therefore  can- be  termined.  Row 

denoting  the  number  of  nearest  neighbors  of  one  point  ^n 
the  lattice,  by  2,  we  would  obtain 

1<^  g  ( X,  s  •  -  • ,  X 1 1>  X'lar  •  ■ )  **  X  X(s  *"  1 )  + 


'^T~In“ carrying  out  this  partial  differentiation,^'^  and 
are  treated  as  the  seme  quantity.  Instead  of  as  mutuelly 
Independent  variables. 


11  _ 


If  there  U  lo^-4i|tancj  ojdar^tha  quasl-ch«lcal.^; 

pfl/  h  Jet^h^ 

SSl-oS5=°teerf«»S?a  lmme4tately{ao  e.atter  hov  many  klnde  ! 
of  etoms^there  formula  with  higher  ooordln- 

atlon  n^bere  '^'dlecuse  the  Wf 

When  higher  |he  caS“(a)'of  p‘art  I, 

oreteness,  ve  ^  (i.e.,  consider  only 

and  discuss  only  the  ^1  ^3  aii  the  other  coordination 

SX  endSXXX  terms,  and  neglect 
numbers).  We  can  prove  that 

.V  X  /.  2X«- 


'•«(»«)(' 


N 


2N 


4- (2:X,--2X«.X,,..X,vO 

4-XI  Jfis)  - &A  1<« 
4-|2KvX«-X.v'  }  \ 


(44) 


where  X^l.  %  =“4  %  are  funstlons  of  0  and  T,  determ 

sXj  axg  1 2  ^  gj  1  i'  l-o  (iVi 

9K4  ^fiisi  8 
From  (44)  and 

^  V  T  pnd  X  ^  Of  AA,  AB,  BB  near-neighbor 

the  number fak,  if  ve  define 


Sfrrcarbi^-astil  Xteaiier.  lA  fak,  if  ve  define 

XI  _ 

..  jfiSS  +  Xl^BB 

V  \ 

1 


I  (SX-  |^+2Xj^i^s4-X|0i 

A%.-i“  |  (£X~2XXX)  x|^^^+2X7xS^x|^ 


(  AA  )“  ■A7iL+8  Krx'sIL  ftl  4ii  x'l  fig  lb 

V"  /  ^  \  ^  WXX  ^^a  Xb|^|*b —  -  ,***»  (46) 

^  \AJ8/  6^  ikifii4-8XlKflf44$iB4-"* 
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then  ve  vill  have 


*  ji 

X4s““2X;.B-i'6X"(  (  BB  )  ’  -' 

(bb)  If 

vC 

h  '  )  T  \}r{  /.,)]  ) 

(x;.)*  ^  A . _ _ 

AllXks  ""_/  \  '/  ^  \  )X'’(  ^  ) 

-exp(--(2r^„--J\4.i™F»3\4T>, 

2  ( i  A  ji  f! )  ^  ""■  2^  ^  “ 

2(Xk-?-J»)»(SX-2XXX)#e,  .  . .  (48) 

3r-(^*'j+6X"(^^)«A-(;'j->-(£UX)®,.  w 

Expressions  (47),  (*8),  (49)  “«■  (50l_sre  the  ertenarf 

r-up^sl -cheKlsaX  fcramlase  ¥e  want  uo  po^-nt  -at.  ^ 
i^n  L  found  fro»n  (4S)  and  (49).  can  he, -found  xi'^. 
and  (cO).  and  then  ve  can  calculate  X. 
f‘nt,i'»od«c.i.n,K  more  coordination,  numbers  is  exatu-xy  the 
ro”w>-  vni'^not  bother-  to  show  the  d.6vex.opBi:e.nt . 

The  a.iJir;oe-.r  of  permut-stlons  Gorresponcltng 
end  X’*  can  easily  be  calculated  from  etpressi-ons  ( 

(no)*,  but  since  the  physical  slgaificance-B^ox  X 
are' ambiguous  te  do  not  malce  that  cai,cala^-^on.  .. 
centered  cubic  systetB* 

J,k^l2N,  lX\A«-MAh 
so  thPt  X'JU,  s:.«, 

Thereforo  IhoE^oo  Iho  shovs-.er.tiopea 

Bifthod  but  introQuee  dj-i-ectiy  to  ° 

neighbors,  ami  introduce  also 

n^be;  of  groups  containing  two  A  atoeis  a.nd  one  n  at.m  ^ 

^.biich  form  mutually  nearest  neighbors*  '"  i 

eiSnd  the  conventional  quasl-chemlcal  Jormla  of  th. 
face-centered  fcinfi.ry  solid  so.xation  as  folxo  •  . 
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“(  M  i  AB 


CB2) 


>>  X>J3  *  '  V*  \\  \  \  T 

(In  the  above  expression,  2^  K  is  AB,  and  BB 

^dra^trSerS?  ^“Sbox.s'^J.e  ty  the  following 

expressions; 


(r>:{) 


On  comparing  this  theory  vlth  expressions  (47)-(b0) 
¥0  Kust  note  that  the  expressions  nere 

Xl  ^ 

AB 


correspond  to 


•&x"(  ^  ).  HA"'(  ^  ), 
\AB/  \  HH  / 


therefore,  in  both  theories,  the  parts  Involving 

^{aa)'  /!/?)’ 

ane  from  (4?)  .^"Ex™l«ion’'tt3) 

etc.,  is  essentially  «ide  a«isinJ?  from  the 

Xrt®tSrrne“5nii^?  foh  every 


"four  atom  groups,  each  group  containing  three  atoms  form¬ 
ing  mutually  nearest  neighbors.  In  expression  ve 

do  not  have  a  factor  corresponding  to  this.  Finally,  ve 
vlll  derive  the  number  of  combination  g,  of 


corresponding  to  K,  ©g. 

Suppose  log  g  takes  the  folloving  forms 


~  1*6  Xig*) e,(XAu  logX444 + 

+X*B»l<^XBaB)+c,(X^8+XjB«)+e«(X^4-Xj®iii)+^(if ,B),  (64) 


where  X^,  l.e.,  X^,  X^,  ...,  ci,  Cg,  C3, 

are  constants  to  be  determined  end^(l5,  ff  )  Is  a  function  to 

be  determined.  m 

Treating  the  configurational  free  energy  as  a  function  of  R, 

?^,^b,X448,X488.  ,(so  that  we  can  put  C4-O),  and  setting  Its  de¬ 
rivatives  with  respect  to  Xj;^,  Xj^^g  equal  to  zero,  we 
obtain 

~eil<^X/i8~Ct+-|^logX4i4+-|-<^*  Cjlof  Xbbb 

+yek+e.+(-2T4,+F88+r88)/iT»0, 

— eilogX4»B--Ci+-^Ctl<:^X888+“"“*®» 

But  from  (5l)>  ve  have 


log 


8^i»8 

XeBcX^^a 


» 


l.e., 

-x\ISbbs' 

Substituting  into  the  first  expression  of 


(56) 

(55)4  ve  get 


Cjsssl,  — logs. 


(67) 


And  by  the  same  time,  the  second  equation 
satisfied.  Therefore,  expression  (5^)  is 
exact  expression  of  log  g,  and  It  Is  also 

logJ(*(;^(iy,0)  —  X44Bkg-^X44B  "*  XiBslog-jl-XiSS 


of  (55)  is  also 
proved  to  be  the 
equal  to 


■—  X^  jjlog  Xjjjj*—  XflBfl  log  Xbbb  j 


(68) 


an  expression  very  similar  to  (4l). 

X44B'"^r240ttf|, 

•  1 

log  g  should  be  equal  toN0AGg&i-‘N6al«u^B  ,  and  then  we  have 

i^{N,0)^^Nej(jSe^^N08hg0a+ 

where  the  suRoriation  is  taken  over  end  6a  t  arid  each 
of  6i,0^,e^  can  ass^Me  two  values,  .  Therefore 

<f> ( N,0)  -  logS JV +20j<9s#s3r.24lf*gPi» 

=.  -iV’^^log0^-A’4U-g4+8Xic«8X4-X2i(0Bl<^^i+^at‘>g^«)- 

Substituting  Into  (5^),  'we  obtain  the  desired  result: 

log  g  »  8  iy  log  8  jv + :^  Af  log  + ^i»  *oe 

-^X^4logXBi4~XeMlcgXaBB-X^l<^-|X^^B-Ai88log-g-X4B8.  (60) 

Urxdoubtedly,  this  tr-eetment  can  be  extended  to  the 
face*'C€mtered  3.attic6  solid  solution,  of  multlp]>6  coKiponent^. 
The  result  corresponding  to  (60)  is 

log.?«8X’log8iy-{>23iy  ]2^jlog^j 

~E  XuMXui-  '£  hXuM 

i 

+Xwloglx«fJ~  V  X<,tlogi.X,,».  (61) 

^  i>$>k  ^ 

All  the  notations  in  this  expression  follow  tl&e  usual  conven¬ 
tion,  and  Xijj,  and  have  the  following 

relations; 

3X,«+  S  (X,v+2X„;)+  S  X,^«2iN6,, 

-  » 

m  X4^«-|^2X«/+2Xt//+ )• 

The  author  wishes  to  express  his  thanks  to  Ting  Hou- 
rhipnc  Chliao  Tenc-chiang,  ¥ang  Te-mao,  Hsu  xung-nuan,  . 

hi'Soik J  0.  thfi  prjfle...  Pro^ 

received  many  suggestions  end  hints,  which  made  hxm  in 
terested  again  in  this  problem. 
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